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Recent advances in reasoning have transformed large language models into systems capable of complex problem solving. However,
progress in reasoning systems has increasingly outpaced the development of a systematic understanding of how reasoning should be
designed. We address this gap by treating extra training complexity beyond standard autoregressive training as a unifying abstraction.
We operationalise this abstraction through three coupled design questions: what reasoning computation is made available, how it is
learned, and how its use is controlled. Together, these questions define the mechanism, learning, and control layers, with mechanism
and learning forming a 3 X 4 landscape and control cutting across their combinations. By placing otherwise separate methods within
a common structure, this framework allows their findings to accumulate into systematic knowledge about how reasoning systems
should be designed. We further assess the landscape through a five-level evidence hierarchy, moving from whether a complete recipe
works to whether gains are design-attributed, newly reachable, and transferable. Together, the structural map and evidence analysis
connect design patterns to evidential strength and support cumulative principles of reasoning design. From this synthesis, we advance

a vision in which co-design across mechanism, learning, and control becomes a principle for the next generation of reasoning systems.
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1 INTRODUCTION

Large language models have rapidly evolved from general-purpose text predictors into systems capable of solving
increasingly demanding reasoning tasks. Recent reasoning-oriented models have shown substantial gains in mathe-
matics, coding, scientific problem solving, and multi-step decision making [30, 32, 134, 205], accompanied by a growing

family of models that explicitly devote more effort to difficult problems before producing an answer. These advances
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2 Jing et al.

have made reasoning a practical capability, not only a benchmark objective. Stronger reasoning now supports ap-
plications in which language models plan over extended horizons, use tools, write and debug software, interact with
external environments, and coordinate multi-step workflows [146, 155, 189, 206]. As these systems are asked to operate
with greater autonomy and solve problems that cannot be answered through immediate pattern completion, improving
their reasoning capability has become a central objective in the development of modern language models.

The field has pursued this objective through an increasingly diverse set of modelling and training strategies [11, 32,
34, 38, 55, 58, 60, 61, 70, 101, 130, 142, 150, 165, 196, 213, 220, 226, 245]. However, the resulting advances in reason-
ing systems have increasingly outpaced the development of a systematic understanding of how reasoning should be
designed. One reason is that much of this progress has unfolded in an ad hoc manner, with different lines of work
developing around their own design choices and assumptions. Existing surveys have provided valuable syntheses of
major strands of this literature, including test-time scaling [6, 74, 82, 209, 234], long and latent reasoning [20, 23, 244],
reinforcement learning across the model lifecycle [90, 112, 203], and efficient reasoning [147]. What remains missing is
a common design abstraction that relates these strands within a shared account of reasoning design. Without such an
abstraction, rapid methodological progress does not readily become cumulative design knowledge, leaving advances
in reasoning capability disconnected from an equally systematic understanding of how future systems should be built.
A common basis for such an abstraction emerges from a recurring shift across these approaches, as many move be-
yond standard autoregressive training by introducing extra training complexity to deliberately shape how the model
reasons. We therefore use extra training complexity as a unifying lens through which the apparent diversity of these
methods resolves into three coupled design decisions.

The first decision concerns what training changes in the model’s reasoning process. The autoregressive baseline
fixes three aspects of computation that a reasoning mechanism can reopen: depth, sequence positions, and the pre-
dictive objective. Reopening them yields recurrent processing, intermediate-state insertion, and objective reshaping,
respectively. The second decision concerns how the resulting reasoning process is learned from available supervision.
Training stage alone does not answer this question: pretraining, mid-training, and post-training primarily determine
which supervision is available, not how that supervision shapes reasoning [159, 227]. We therefore distinguish learning
according to the source of supervision: text-derived predictive supervision, self-generated and bootstrapped supervi-
sion, reasoning-trace supervision, and outcome and process feedback. Mechanism and learning specify what reasoning
computation is available and how it is acquired, but neither determines how that computation should be controlled.
This remaining decision gives rise to static, dynamic, and curriculum control. These three decisions are the mechanism,
learning, and control layers, shown together in the Coupled Design Layers panel of Figure 1. They are separable enough
to define a common design space, but coupled enough that none can be understood in isolation, and that tension is
what makes their combinations worth studying systematically.

Among the three coupled layers, mechanism and learning define the core combinatorial design space: three mecha-
nism families crossed with four learning-signal families yield a 3 X 4 landscape, with control cutting across these com-
binations to govern how they are used. Mapping the literature into this structure makes reasoning design a systematic
object of study, providing a common basis for analysing the field and deriving broader design principles. Turning this
structural account into reliable design knowledge also requires asking how far current experiments justify the claims
made for these designs. To make that assessment possible, we assemble the model trajectories, datasets, supervision
artefacts, and benchmarks needed to determine what reported improvements actually demonstrate. We then organ-

ise the evidence into five increasingly strong claims: benchmark gain, matched-resource gain, design-attributed gain,
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Fig. 1. Overview of extra training complexity as a lens on reasoning enhancement.

newly reachable reasoning [105, 118, 126], and transferable reasoning capability. Together, the design landscape and
the evidence framework provide a foundation for cumulative knowledge about how reasoning systems should be built.

By unifying the structure of reasoning design with the evidence that supports it, our framework makes reasoning
capability itself a systematic design problem from which field-level principles can be derived. From this synthesis
emerges a broader vision of reasoning systems as evolving designs, shown in the Vision column of Figure 1, in which
learning across training stages, the interface between latent and explicit computation, and adaptive control are coordi-
nated around the reasoning capabilities being developed. This vision defines a research agenda for reasoning in which
co-design becomes the organising principle for building future capabilities.

This survey makes three contributions.

e We introduce extra training complexity as a unifying abstraction for reasoning enhancement and decompose it
into three coupled design layers: mechanism, learning, and control. This framework turns reasoning enhance-
ment into a systematic design space for cumulative analysis and future qualitative and quantitative study.

e We map existing methods onto a 3 X 4 mechanism-learning landscape, with control cutting across it, and
evaluate this space through a five-level hierarchy of empirical claims. This turns a map of methodological
activity into an evidence-grounded foundation for cumulative principles that can guide the design of future
reasoning systems.

o We synthesise these structural and empirical insights into a forward-looking vision of reasoning systems as

evolving co-designs across mechanism, learning, and control. This vision makes co-design an organising prin-

ciple for future reasoning research.
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Table 1. Comparison with existing surveys. A tick indicates that the dimension is explicitly organised or analysed in a dedicated
section or table; incidental discussion does not count.

Spans Covers Covers Covers Provides Relates Structures

training reasoning learning computation empirical design evidence
Survey stages mechanisms signals control resources dimensions strength
Frontiers in reasoning [82] X X v §4 v §5.4.1 X V' §5.4.2 X
Test-time scaling [234] X v §2 Vv §3.1 Vv §5.3 X X X
Long chain-of-thought [20] X Vv §4.1 Vv §4.2 X V' §7 X X
RL across the lifecycle [112] Vv §3-4 X Vv §4.2 Vv §4.4 v §5-6 X X
Efficient reasoning [147] Vv §4-6 Vv §6.1 Vv §4-5 Vv §3.1 X X X
Latent reasoning [244] X v'§3 X X X X X
This survey Vv'§2.3 v §3 v §4 v §5 Vv §6 v/ Tab. 7 v §6.3

1.1 Positioning Against Existing Surveys

Each of those organising axes fixes what a survey can record, and so what its entries can be compared against. One
review spans pretraining, mid-training and post-training and organises within them by the optimisation signal [112],
so alooped model and a written trace share a chapter whenever reward trains both. Another sorts by the stage at which
cost is cut [147], which leaves out work whose purpose is to add computation, and the reviews built on a mechanism
follow that mechanism alone, not the learning signal or the control that accompany it. Table 1 sets the six closest
side by side on the dimensions each one organises, and on whether it relates those dimensions or grades the evidence
behind them. No single dimension belongs to this survey alone. What is new is the relation between them and the
grading of the evidence behind them; the design abstraction here is extra training complexity itself, together with the

coupled decisions that make a mechanism available, teach it, control its use, and evidence it.

1.2 Scope and Roadmap
We focus on work in which extra training complexity changes how reasoning computation is made available, learned,
or controlled. It covers recurrent processing, intermediate-state insertion, objective reshaping, alternative learning
signals, and explicit control. We trace it through the closest surveys and their cited and citing work, plus recent papers
meeting the same criteria, to September 2026. Counts and citation relations refer to this corpus, not to all reasoning
work.

§2 establishes the autoregressive baseline and the supervision available at each training phase. §3 develops the
mechanism layer, §4 the learning layer, and §5 the control layer. §6 assembles the empirical foundations and asks what

current evidence establishes. The final chapter develops directions for designing the three layers jointly.

2 PRELIMINARIES

This section establishes the computational and supervision preliminaries needed for the mechanism and learning lay-
ers that follow. Standard autoregressive language modelling provides the computational baseline (§2.1), relative to
which we distinguish three recurring primitives (§2.2): recurrent processing, intermediate-state insertion, and ob-
jective reshaping. We then characterise how supervision availability changes across pretraining, mid-training, and
post-training (§2.3), constraining what information can be used to learn these computational changes. These concepts

provide the foundation for the mechanism and learning layers developed in §3 and §4.

2.1 Autoregressive Language Modelling as the Baseline
The models this survey covers are autoregressive: they factorise the probability of a sequence left to right. Such a
model, with parameters 6, is trained on a corpus D of token sequences over a vocabulary V. Write one sequence

as x = (x1,...,x|x|), and index its positions by i. The model is a stack of L layers mapping the sequence to hidden

Manuscript submitted to ACM



A Survey of Improving Reasoning in LLM 5

(a) Standard LM (b) Recurrent §3.1 (c) Insertion §3.2 (d) Objective §3.3
e — e — L£=3,tpo.qr)
B E | B & &= e

[ hl0 (=] (2] [=]
L L L L (ETN | L e e
A
Lx : : : : \ [ L L IL
L L L L i L : :
@ |
L1 B D08
) A A A
x |- [ ][ xs X1 X2 X3 X1 X2 25
input tokens x = {x1,%,,xs5,... } input tokens (same positions) expanded sequence % = {..., X1,y ty, x5, ... } input tokens (same forward structure)
Lnte = X £(po, Xe41) ‘ hi“’ = R9<h:k7‘>v3t). t=1,..., i) ‘ [%] > |x| 1) Same forward structure as (a)
(1) Fixed sequence: x1, x2, . . . ) Same input positions: x1, x2, . . . (1) Inserted positions: uy, uy, .. .
W gl L2 3 LTS L Y 12 L 2) Target can be changed: g,
Fixed depth: L layers (2) Repeated transformation at position ¢ ) Attend to surrounding tokens
3) Next-token target: X741 (3) Learnable update: Rp with K steps ) Longer sequence: |%| > |x| 3) More general objective

Fig. 2. Three computational primitives against the Standard LM baseline (a): Recurrent (b) reopens its fixed depth, Insertion (c) its
fixed sequence, Objective (d) its next-token target.

states hl([) € R?, one per position i and layer ¢, and reads the distribution over the next token off the last layer,
po(- | x<i) = softmax(Whlg_“i). Training minimises the negative log-likelihood of every token given its predecessors,

|x]|

L£O) == > > logpg(xi | x<i). (1)
xeD i=1
This standard formulation fixes three aspects of the computational process that the methods surveyed below reopen.

It applies the same fixed stack of L transformations at every position, so computational depth does not vary across
predictions. It supervises each position only through the observed next token, without explicitly specifying what
intermediate computation should produce that prediction. Computation is indexed by the observed token positions
supplied by the sequence; no additional positions are introduced solely to support intermediate computation.

The methods in this survey depart from this baseline through training-induced changes to one or more of these
properties. These changes are distinct from simply widening the model, which increases capacity while preserving the
same depth, positions, and predictive objective, and from inference-only sampling or search, which changes how a
fixed model is queried, not how its reasoning process is learned. The computational primitives introduced next reopen
these three reference points in turn: recurrent processing reopens depth, intermediate-state insertion reopens sequence

positions, and objective reshaping reopens the predictive objective.

2.2 Computational Primitives for Reasoning Mechanisms
Figure 2 illustrates three computational primitives that reopen the reference points fixed by the autoregressive baseline:

recurrent processing, intermediate-state insertion and objective reshaping, one for each aspect the baseline fixes.

2.2.1 Recurrent Processing. Recurrent processing increases the number of transformations applied to existing posi-
tions while leaving the sequence itself unchanged. A convenient abstraction decomposes the stack into a prelude P, a

block Ry that may be applied more than once, and a coda C [55]. Writing e = P(x) for the prelude representation,

R =Ry(h"Ve), t=1...T,  pp(- | x<;) = softmax(w C(hT));_y), )
with the standard model recovered at T = 1. The number of applications may also differ by position: position i freezes
after T; steps, with hgt) = h}t_l) for t > T;. Repeated application extends the effective depth, and making T; position-

dependent lets it vary across the sequence [34, 245].
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Fig. 3. Citation graph over the 120 most active papers. Colour gives the training phase, node area the within-set citations received,
and thicker edges a crossing between phases.

The scored positions and prediction targets can remain unchanged; only the computational depth becomes a variable
of the model. For a fixed depth T, the objective can be written as
Lr(0,¢) = = > > logpog(xi | x<is T). )

xeD ieS
When multiple depths are trained jointly, one may instead optimise an expectation over T ~ A. Training across multiple

values of T can make the model usable at more than one depth. If computation itself is priced, an additional regulariser

A Q(T) can be introduced; how such costs determine the allocated depth is a control problem taken up in §5.

2.2.2 Intermediate-State Insertion. Intermediate-state insertion augments the baseline sequence at a set of insertion
sites J € {1,..., |x|}, with ¢; additional positions introduced at each j € J. For a single insertion site j € J, this gives
x = [xl;j, ut, ..., Uc;, xj+1:‘x|]. 4)
These positions are additional because they mediate computation, not because the input-output interface requires
them. Absence from the training text is not the criterion, since reasoning traces may themselves be training targets [130,
213].
Because the sequence is now %, the training objective must specify which positions are scored. Let S C {1,..., ||}
denote this set; training then minimises
£(0) = - ), > logpolii | %<i). 5)

xeD ieS
Taking S to include every position gives ordinary next-token prediction over the augmented sequence, while Equa-

tion (1) is recovered when no positions are inserted. Intermediate-state insertion may be combined with objective

reshaping [173]; the primitives are not mutually exclusive. §3.2 examines what the inserted positions carry.

2.2.3 Objective Reshaping. Objective reshaping changes what the model is trained to predict, encode, or preserve
while leaving computational depth and sequence positions unchanged. A common form modifies the target at position
i, which we denote by g;, with ¢ the per-position loss,

LO) = Y, > tlpol- | x<i). qi). ©)

x€D ieS
Equation (1) is recovered when ? is cross-entropy and g; is the observed corpus token. Common variants either replace

the prediction target or add an auxiliary objective, for example £LNTp + ALaux-
When an auxiliary target is used only during training, it increases training-time complexity while leaving the de-

ployed forward pass unchanged [57]. Internalisation methods instead use modified objectives to train the model to
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Fig. 4. Overview of mechanisms of extra training complexity.

reach an answer without explicitly generating the reasoning trajectory used for supervision [36, 37]. Together, these

cases show that extra training complexity need not appear as additional deployed computation.

2.3 Supervision Availability

We distinguish training phases by the supervision a recipe can assume. Pretraining can begin from random initialisation
and relies only on supervision from the corpus and objective themselves. Mid-training presupposes a trained model but
still derives its signal from ordinary text or from the model itself, whereas post-training additionally assumes access to
task-specific supervision such as teacher trajectories, checkable outcomes, process feedback, or preferences.

Figure 3 maps the 120 most active works in our corpus under this division, with 42 in pretraining, 15 in mid-training,
and 63 in post-training. The citation structure shows that pretraining and post-training have developed largely as
separate literatures, with most connections remaining within the same phase. Although mid-training remains much
smaller, its emerging presence suggests a shift toward improving reasoning earlier and toward using ordinary corpora
directly for reasoning enhancement. Training phase therefore constrains which supervision is available, but does not
determine either the reasoning mechanism or the learning strategy used to acquire it. §4 organises learning by signal
source: text-derived predictive supervision, self-generated and bootstrapped supervision, reasoning-trace supervision,

and outcome and process feedback.

3 MECHANISMS OF EXTRA TRAINING COMPLEXITY

Extra training complexity is realised through mechanisms that alter how reasoning computation is formed. As the first
of three coupled design layers, the mechanism layer asks what computational mechanism training makes available to
support reasoning. Building on the three primitives introduced in §2.2, we organise these mechanisms (Figure 4) around
recurrent processing (§3.1), intermediate-state insertion (§3.2), and objective reshaping (§3.3). Recurrent processing ex-
tends computation through repeated transformations, intermediate-state insertion creates persistent positions whose
carriers make intermediate computation available to later steps, and objective reshaping changes what existing repre-
sentations are trained to predict or encode. These mechanisms can be combined; this chapter characterises what extra
training complexity makes possible, while §4 and §5 address how those mechanisms are learned and controlled.

3.1 Recurrent Processing Architectures

Recurrent processing realises extra training complexity along depth by repeatedly updating representations at existing
sequence positions, following Equation (2), before anything is emitted. Universal Transformers [34], looped language

models [245] and recurrent-depth models [55] instantiate the same recurrent-processing pattern, with the later two
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Fig. 5. Recurrence against the standard Transformer: a shared block R repeated T times globally, then T; times token-wise, with a
fourth panel of key design choices.

integrated more directly into the language-model backbone. Figure 5 sets it against a standard stack. The architec-
tural differences between these models lie in how the recurrent transformation is parameterised, embedded into the
backbone, and allowed to vary across iterations.

Recurrent-processing architectures differ primarily in how the repeated transformation is parameterised and em-
bedded into the language model. Universal Transformer [34] shared one block of parameters across depth, buying
depth without buying parameters. Such a loop can emulate iterative learning algorithms in context [207] and gener-
alise to unseen input lengths [43]. Recurrent Depth [55] placed a recurrent core between a prelude and a coda and
injected the embedded input at every step, and Ouro [245] pretrained a looped model on 7.7T tokens. PonderLM [225]
instead feeds one pass’s output back into the input embedding, not an internal block. The block can be a mixture of
experts [54], or made sparse to recover the efficiency that sharing costs [175]. The backbone need not be a Transformer
at all: CHASE [217] looped a state-space model, and BDH-CQ [42] updated a recurrent memory from the context before
iterating in latent space. Together, these designs trade parameter sharing, iteration specialisation and depth flexibility.

Scaling recurrent depth introduces a stability problem. Several recurrent models improve with additional iterations
only up to a point, after which performance saturates or degrades, and STARS [208] reports that point and identifies a
trade-off between stability and effectiveness. Fixed-Point Reasoners [129] attribute the collapse to a signal propagation
problem that depth induces when the halting decision is postponed, and address it with pre-norm layers and residual
scaling. Parcae [145] recast looping as a nonlinear time-variant system over the residual stream, locating residual
explosion and loss spikes in a linear approximation to it. Two more read the loop as a dynamical system: Attractor
models [46] treat the recurrence as an attractor, and Fully Looped Transformer [50] attacks the same residual explosion
by routing each iteration’s output to every layer. A per-token convergence study [117] asked instead what a loop
actually computes, measuring per-token convergence. Stability therefore limits how far recurrent depth can be scaled.

Recurrent processing keeps the block and the state at a fixed size while the computation they carry grows longer. The
same block must therefore perform different operations at different iterations, since repeating one operation composes
nothing deeper. Existing designs meet this requirement by modulating the block from one step to the next [65, 72], or
by making the trajectory generative so that a deterministic recursion stops collapsing the plausible paths into one [12].
MeSH [215] traced the lag of recursive models under matched computation to both halves of this constraint: iterations
computing the same thing, and one state carrying too much. Dreamer [86] identifies the constant hidden size as the
bottleneck, and Adaptive Loops [48] asks whether a looped model should think harder or know more. Capacity can

also be added outside the loop, through a memory buffer that preserves states standard recurrence discards [154, 215],
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Fig. 6. Insertion carriers, five panels from content-free to hybrid along the implicit-to-explicit axis. Each loop is the carrier transform
t (Table 2), absent only where ¢ is constant.

or a looped mixture-of-experts whose pool both adds parameters and gives each pass a different operation [96]. Others
repair the trajectory, rewriting each state into coordinates anchored on the last so one transition governs all [83],
looping discrete embeddings [49], or supplying a latent multi-token target [161].

Recurrent processing need not be uniform: replacing a global iteration count T with a position-dependent T; turns
recurrent depth into conditional computation. One use of conditional depth is to reduce computation by skipping
transformations for selected positions. MoD [150] capped the tokens that may enter a block at each layer and passed
the rest along a residual connection, spending computation unevenly while fixing the total in advance. Others skip the
middle layers on the ground that they are the most redundant [95]. The same degree of freedom can instead allocate
additional recurrent processing to selected positions. MoR [11] routes each token to its own recursion count through
a shared stack, AdaPonderLM [165] gates that repetition per token, and DNA [31] lets a token traverse any series of
modules in any order. How the position-dependent depth is selected is taken up in §5.

Recurrent processing can be native to the model architecture or retrofitted into an already-trained feed-forward
backbone. When recurrence is native during pretraining, the model’s representations can adapt to repeated transfor-
mation from the beginning [55, 245]. A retrofit must instead convert a trained feed-forward stack into a recurrent
computation while keeping what it knows, and three conversions recur. Layer tying converts a trained model into
a Recursive Transformer initialised from its own weights, so the conversion costs little performance [10]. Partial re-
currence loops only the band of layers in which interpretability work locates reasoning [87], or retrofits a recurrent
core into the prelude and coda layout [158]. A recurrent block can also attach to a frozen backbone [135], or run
once with controllers deciding how many additive corrections to apply [69]. Recurrent processing keeps intermediate

computation within depth.

3.2 Intermediate-State Insertion and Carriers

Intermediate-state insertion introduces additional positions into the sequence, while the carrier determines what repre-
sentation each position makes available to subsequent computation. Following Equation (4), what an inserted position
leaves behind is a transform t of the hidden state computed there, uy,; = t(hﬁf_l)() That transform is the carrier, and
carrier choices in the literature form the continuum drawn in Figure 6 and summarised in Table 2. Unlike the transient

iteration states of §3.1, inserted states can persist beyond the computation that created them.
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Table 2. Six carrier choices for intermediate-state insertion, ordered by increasing external accessibility. ¢ transforms the hidden
state computed at an inserted position.

t Carrier representation External accessibility Example
constant a fixed vector presence only pause [58]
identity the hidden state latent tensor / probe Coconut [60]
learned projection a concept vector named concept CoCoMix [173]
soft decode an embedding mixture token distribution PonderLM [225]

decode, held aside
decode

a token on a side path
a token in the sequence

explicit text
explicit reasoning text

Quiet-STaR [220]
long CoT [195]

At one extreme, the inserted symbol carries no input content and serves only to create an intermediate position, so
any useful information must be created in the hidden state there. Pause-token training [58] appends learnable tokens
to the input and withholds output until the last is read, with no loss at the inserted positions. The same device reappears
for difficult arithmetic [68], and Catch Your Breath [51] made the count self-paced where earlier designs fixed it.

A continuous latent carrier places the result of one computation directly into the representation consumed by the
next. Coconut [60] fed the last hidden state back as the next input embedding instead of decoding it. Much of what
follows varies that move: latent thought vectors drawn from a prior [88, 178, 181], latent tokens that participate in com-
putation [3, 45, 171], contemplation tokens of variable length [25, 91], latent positions replacing repeated passes [224],
and a count that varies per token [223]. One objection is that a compressed thought produced one decision at a time
remains token-like, answered by modelling thoughts as a Markov chain [111]. A head-free design [89] replaces the
vocabulary head during reasoning, because projecting through it at every step both costs computation and forces rea-
soning into discrete tokens. Two placements occur: the vectors occupy positions in the emitted sequence [60, 170],
or are injected into prompt placeholders before reasoning is emitted [183], with R-Capsule [156] between the two,
compressing an emitted plan and feeding it back. Methods that condition ordinary hidden states without inserting a
position [200] are a boundary case here. The gain is representational freedom; the cost is that the intermediate state
becomes difficult to inspect without an auxiliary decoder or probe.

Between raw hidden states and words, several methods constrain the carrier into a lower-dimensional, discrete,
or vocabulary-related representation. Compressing the representation, CoCoMix [173] projects the hidden state onto
concepts recovered from a sparse autoencoder, so that what the position holds can be named. Next-concept predic-
tion [116] quantised hidden states with a codebook to obtain a concept vocabulary and predicted the next concept
alongside the next token; Rendered-CoT latents [19] give up continuity, arguing that a discrete latent is interpretable
where a continuous one is not. Compressing the sequence, Synergy [241] routes bytes into fewer concept tokens
with segmentation learned end to end, and DLCM [148] learns semantic boundaries so that computation shifts into a
compressed concept space instead of being spent uniformly on locally predictable spans. Others keep the full token
distribution [18].

At the explicit end of the spectrum, intermediate computation is written directly into the autoregressive sequence
as ordinary language. Chain-of-thought and the long traces trained from it [32, 130, 195, 213] are the familiar case. The
same carrier appears wherever a procedure can supply the text: Self-Notes [94] lets the model deviate from the input to
write a note to itself and then return. Searchformer [98] and Stream of Search [52] trained from scratch on traces from
A* and from symbolic and heuristic solvers respectively, so that the model emits the search before the answer. When
explicit text shares the sequence with the answer, it has three roles: it records intermediate computation, provides

memory for later steps, and exposes the trajectory externally.
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Hybrid carriers combine multiple representations within one reasoning trajectory. Dualformer [168] trained on
search traces with parts dropped at random, giving a fast mode that emits only the solution and a slow mode that emits
the reasoning. Token Assorted [169] found many words in a written chain carry no reasoning, and replaced each trace’s
early portion with latent tokens, leaving the rest as text. Others blend them directly: Hybrid Latent Reasoning [219]
and TARPO [232] mix one of each at every position, Soft Concept Mixing [185] mixes concept vectors into the token
stream during training, Latent Thoughts Tuning [114] fuses context into latent thoughts, and HybridThinker [115]
keeps compressed memory alongside the text. Hybrid carriers therefore decouple where computation happens from
what must remain externally legible.

Across these carriers, none dominates in capacity, structure, persistence, and legibility. Raw latents offer the most
freedom, concept carriers more structure, text the most readability at the cost of length and discretisation; hybrids
combine these along one trajectory. Only one group pays a training cost to keep latent traces decodable [26, 97, 156, 237].

The carrier determines how intermediate computation is represented; §4 asks how supervision teaches its use.

3.3 Objective Reshaping and Internalisation
Objective reshaping changes internal computation by altering what representations are trained to predict or encode,
while leaving sequence positions and forward depth unchanged. Equation (1) asks each position to support next-token
prediction. An objective also constrains the function the learned representation must serve without uniquely specifying
the computation that realises it.

One form of objective reshaping extends each position’s predictive horizon beyond the immediate next token. Multi-
token prediction [57] asked each position to predict the next n tokens through n heads on a shared trunk, reporting

better downstream capability. The objective becomes

K
k
Lyre = =) Y A logpy (e | x<0), @)
t k=1
with K the horizon and A the weight on each offset. Larger predictive horizons can be harder to optimise, motivating

curricula over K that are discussed with training-time control in §5 [8]. Predicting K exact tokens also reaches only a
limited distance into the future, motivating targets that summarise a longer horizon. The heads that serve the objective
need not survive deployment: a longer training horizon need not create a longer inference trajectory.

Predictive targets need not remain lexical: an objective can instead require each hidden state to approximate a
structured representation of its future context. With z; the target, gy the head predicting it from the state h;, and d a

discrepancy, these methods take the form
L= Lyt + 1) d(ge(he), 7). ®)
7

The idea generalises from future summaries [124] to semantic targets, and SONAR-LLM [39] takes z} to be a sentence
embedding recovered through a frozen decoder. Intermediate-state insertion (§3.2) adds a position and carrier; objective
reshaping changes what an existing state encodes. The two combine in CoCoMix [173], which inserts a carrier while
reshaping the objective training it.

A further form of objective reshaping internalises computation that is explicit during training into the model’s rep-
resentations or parameters. A common formulation combines a task loss with a discrepancy between the student’s
representation and the teacher’s. Implicit-CoT distillation [37] distils a teacher’s intermediate steps into the student’s
hidden states, so that reasoning proceeds vertically across layers instead of horizontally across emitted words. Step-

wise internalisation [36] removes those steps one at a time until the model answers directly, and Mutual-information
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Fig. 7. Overview of learning reasoning mechanisms.

distillation [22] keeps the rationale as an auxiliary target beside the label, never as text to emit. Recurrent process-
ing changes how many transformations are applied, intermediate-state insertion changes where intermediate states

persist, and objective reshaping changes what existing states are trained to predict, encode, or preserve.

4 LEARNING REASONING MECHANISMS

Learning is the second coupled design layer of extra training complexity and asks how a reasoning mechanism is
learned from available supervision. §2.3 showed that the three training phases differ in the supervision they offer,
but phase alone does not determine how a mechanism is learned. The same learning strategy can recur across phases,
while methods within one phase can rely on fundamentally different learning signals. We therefore organise learning
according to the source of those signals (Figure 7), including text-derived predictive supervision (§4.1), self-generated
and bootstrapped supervision (§4.2), reasoning-trace supervision (§4.3), and outcome and process feedback (§4.4). Fig-
ure 8 shows where each signal is read off and what its loss attaches to; Table 3 records what each leaves open. This

keeps learning distinct from mechanism and training phase.

4.1 Text-Derived Predictive Supervision
At the most indirect end of the supervision spectrum, added computation is trained only through the prediction loss
on observed text. The loss of Equation (1) can train recurrent depth, inserted positions, or other computation paths [34,
55, 58, 225, 245]. The computation runs

h;o) — h;l) — e — th) — po(xr41 | x<1), )
and the target lies at the path end or intermediate exits, never on a hidden state. Gradients reach those positions through
predicted tokens, so the signal only shows whether extra computation improves prediction. Next-token prediction can
train a new path without specifying its content.

The same corpus can provide denser supervision when each representation is trained against a broader or more ab-
stract view of its future context. Two dimensions are available: a longer horizon and a less lexical target. Multi-token
prediction [57] widens the horizon to the next several tokens (Equation (7)), and MTP Curriculum [8] moves that hori-
zon over the course of training. The summary predicted by Future Summary Prediction [124] is itself computed from
the continuation the corpus already supplies, and SONAR-LLM [39] asks each position for a sentence embedding while
the gradient remains a token-level cross-entropy taken through a frozen decoder. Read in order, the targets form one
progression: the next token, several future tokens, a summary of a long horizon, and a semantic representation. Along
this progression, the supervision becomes richer while remaining derivable from the corpus, without an externally

supplied trajectory or task reward.
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Fig. 8. One cell per learning signal (§4): where the discriminating signal is read off, and what the loss attaches to.

Text-derived supervision is not tied to training from scratch: the same signals can also install or adapt computation
in an already pretrained model [10, 72, 87, 125, 137]. A pretrained checkpoint exists, its computation path is altered,
and training continues on ordinary text. The defining property of this regime is the source of the target, not whether
training starts from a random initialisation or a pretrained checkpoint. The central limitation is that corpus-derived
targets specify what should be predicted, not how that prediction should be computed. A model given more depth
or more positions may learn to use them, or may find a shortcut that lowers the same loss without using them, and
an ordinary token loss cannot tell which. A lower loss identifies a computation path that helps prediction, without
establishing that it reasons. A stronger signal must therefore distinguish among candidate intermediate computations,

not merely score their final prediction; §4.2 turns to signals constructed from the model’s own candidates.

4.2 Self-Generated and Bootstrapped Supervision

Self-generated supervision begins when the model produces candidate intermediate computations and training distin-
guishes among them using signals derived from their consequences. Quiet-STaR [220] draws a rationale after every
token of an ordinary corpus and scores it by how much conditioning on it raises the likelihood of the text that follows,
so the computation runs x<; — ¢ — x; with ¢ sampled from the model. The rationales are produced in parallel across
positions and the gradient is estimated with REINFORCE because the tokens are sampled; Fast Quiet-STaR [71] cuts the
inference overhead of generating one at every position. Self-generation alone does not define this regime; the discrimi-
nating signal must also be constructed without an externally supplied reasoning trajectory. Intermediate computation
becomes an object of selection, no longer only an unobserved route through which prediction loss backpropagates.

A second line makes selection explicit by treating generated reasoning as an action rewarded from pretraining text.
Methods differ in how candidates are generated and evaluated. Reinforcement Pre-Training [38] reframes next-token
prediction as a reasoning problem, using the observed continuation as a corpus-derived reward, while RLPT [102]
extends the target to the next segment. RLP [61] treats a sampled chain as an exploratory action and scores the infor-

mation it carries about the next token,

r(cy) = logpo(xe+1 | x<t, ¢r) — logpo(xe+1 | x<t), (10)
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Table 3. The four learning-signal families of §4, separated by the source of the signal, not by training phase. What remains unresolved
names the question each signal cannot settle.

Learning-signal Signal construction Data required What remains unresolved Representative

family methods

Text-derived targets are obtained directly unannotated text, with no whether the learned [8, 10, 34, 39, 55,

predictive supervision from observed text or reasoning traces or task  representation actually supports 57, 58, 72, 87, 124,

(§4.1) representations derived labels the intended reasoning 125,137, 225, 245]
from it computation

Self-generated and the model generates ordinary corpora or whether the self-generated signal [1, 38, 61, 64, 71,

bootstrapped candidates, confidence unlabelled questions is reliable enough to distinguish 102, 110, 152, 176,

supervision (§4.2) estimates, or other signals useful computation 220, 231, 235]
from its own computation

Reasoning-trace explicit reasoning distilled, curated, whether each supervised stepis ~ [36, 52, 59, 98,

supervision (§4.3) trajectories are generated solver-generated, or necessary, correct, or merely 101, 130, 162, 168,
or collected and used as self-generated traces stylistic 169, 213, 221, 228]
training targets

Outcome and process rollouts are evaluated prompts with checkable which intermediate decisions [14, 32, 70, 92,

feedback (§4.4) through final outcomes or outcomes or step-level deserve credit for the observed 103, 157, 165, 177,
step-level process feedback  feedback outcome 187,198, 216, 226]

which rewards a thought only insofar as it improves prediction of observed text. LoopRPT [176] varies the other axis,
moving the candidate into recurrent latent computation, on the observation that a reward reaching only the emitted
tokens mismatches an architecture that reasons in latent steps. Together, these methods turn ordinary text from a
source of prediction targets into an environment in which the model can explore and evaluate its own computation.
Self-generated supervision becomes bootstrapping when the outputs of one round of reasoning are reused to im-
prove the model that generates the next. Two routes recur. One retains the generated computation as supervision.
BoLT [152] reads web text as the compressed outcome of a verbose thought process, infers the latent thoughts that
would have produced it, and trains on them, and Semi-supervised CoT [64] samples several pseudo-chains for unla-
belled questions and reuses them as a semi-supervised signal. Hidden Decoding [110] adds the same computation as
latent positions where these methods add text. The other builds the judgement from the model’s own statistics, either
minimising predictive entropy on unlabelled questions [1, 235] or rewarding the agreement among several trajectories
it samples for the same unlabelled question [231]. Bootstrapping reduces dependence on external supervision, but the
model often contributes both the candidate and the criterion that accepts it. Self-generated signals solve the availability
of supervision and not its reliability. When a reasoning trajectory itself is available as a target, training can supervise

intermediate computation directly, without inferring its value from the final answer.

4.3 Reasoning-Trace Supervision

Reasoning traces supervise intermediate computation directly: the datum is a full path x — ry,...,r, — y whose
intermediate states are no longer latent, and the loss scores all of them,
m
Lirace = —Zlogpe(’j | X, r<j) - logpe(y | X, rl:m) . (11)
=

Where the path comes from divides this literature three ways. A solver or search procedure can produce it [52, 94, 98,
168], as §3.2 describes. A stronger model can write it [101], it can be curated by hand [130, 213], or generated over text
for continued pretraining [121, 186, 204]. Traces can supervise critiques, or memory and reasoning separately [77, 191].
The benefit is finer credit assignment to intermediate states; the bottleneck is finding trajectories worth imitating.

A model can generate its own candidate trajectories, filter them, and reuse the accepted ones as supervised data.
STaR [221] introduced that loop, keeping a sampled rationale when it led to the right answer. The filter is the design

choice: keeping every trace whose final answer is right admits paths that reach it by a wrong route. Guiding the search
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with a process reward instead scores partial trajectories as they are built [59, 228]. The distinction from §4.2 is the
source of the signal: there the corpus or the model’s own statistics, here a trajectory taken as a target to imitate.

A trace can supervise computation during training without remaining an explicit trajectory at deployment. One
route internalises it, so that the trace is the target during training and the objectives of §3.3 dispose of it afterwards [22,
24, 36, 37]. Related work keeps the chain but shortens it, fusing token pairs into superposed embeddings [202], and
one distillation objective is shaped so that the student can still be given early exits [81]. A second route relocates the
trace instead of removing it, transferring its structure into a latent carrier. A curriculum replaces textual steps with
latent ones [60, 171], an alignment loss ties each latent state to the corresponding step of an explicit chain [188, 196],
and a compression maps m written steps onto k < m latent positions [25, 123, 156, 164]. In both routes the choice is
made once, for the whole trajectory.

Hybrid methods relax this constraint by using traces to supervise both the switch point and the step content, com-
pressing local or easy steps while retaining selected states as explicit checkpoints [114, 115, 185, 219, 232]. Token
Assorted [169] replaces the opening span of a written chain with latent tokens from a learned codebook and leaves
the rest as text. The trace specifies the computational path, while the carrier determines how much remains visible at
inference. The limitation is structural: trace supervision selects one trajectory to imitate even when many valid paths

exist, and that trace may contain unnecessary, stylistic, or erroneous steps.

4.4 Outcome and Process Feedback

When no single reasoning trajectory should be imitated, training can instead evaluate computation by its conse-
quences.! A chain ¢ and an answer y are both sampled from the current policy, ¢ ~ my(- | x) and y ~ 7(- | x,¢),
and the reward is read off the answer alone as R(c,y) = Routcome (y). Group-relative optimisation made the scheme
practical at scale [157], and DeepSeek-R1 [32] and, with a different recipe, Kimi k1.5 [177] showed that long traces
emerge from outcome supervision alone with no imitation stage, which open reproductions then examined on base
models [70, 216, 226]. The signal scales wherever an answer can be checked, with no annotation required. The same
freedom makes it sparse: a correct answer identifies a successful trajectory, not which intermediate computations
made it successful. Process supervision addresses this ambiguity by evaluating intermediate reasoning states rather

than waiting until the final answer. The contrast is in where the reward is accumulated,
T

R(eur) = rana  against  Renr) = ) rilesr), (12)
t=1
and the literature moves towards step-level feedback. Math-Shepherd [187] scores each step with a process reward

model trained without human annotation, and Step-DPO [92] optimises preferences at step level. Related work localises
credit inside the trace, adds a flow-based process reward on top of the binary outcome, and distils a per-token signal
from the model’s own successful attempts [47, 62, 80, 103, 211, 229, 238]. Finer feedback improves credit assignment,
but it requires stronger assumptions about which intermediate steps deserve reward.

The same feedback principle applies whether intermediate computation is expressed in text or in latent states. The
policy then emits states, not tokens, zy.7 ~ 79 (2; | X, z<¢), and the reward R(x, z1.1, y) still updates whatever produced
them, as latent-thought-trajectory RL [198] does by rewarding the loop steps of a recurrent model directly. Group-
relative optimisation relies on the rollouts within a group differing, and a deterministic latent path collapses the group
advantage to zero, which a line of work repairs by putting the randomness back in a different place [18, 35, 78, 79, 180,

242, 243]. Others address credit assignment inside the latent path instead [239], or run the reward over a sequence
!Recent surveys cover reinforcement learning and post-training for reasoning more broadly [90, 203].
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Fig. 9. Overview of control of reasoning computation.

that is part latent and part explicit [144, 219, 232]. Feedback therefore supervises a computation’s utility and not its
representation, cutting across the carriers of §3.2.
Once feedback can evaluate computation, it can also decide whether another unit of computation is worth its cost.
The objective acquires a price,
max E[Ruask — ACcompute] s (13)
so continuing or stopping becomes an action the same feedback can train. It appears in learned halting [14, 165], self-
paced delay [51], skip-or-loop decisions [104], and early exit with reasoning externalised in words [140]. How much

computation to perform is the allocation problem of §5.

5 CONTROL OF REASONING COMPUTATION
Control is the third coupled design layer of extra training complexity and asks how a learned reasoning mechanism is
scheduled, allocated, or terminated. Different mechanisms expose different quantities to control, including recurrent
depth, inserted positions, latent steps, reasoning length, and the form of the intermediate carrier. We represent these
choices through an allocation policy 7 that trades task utility against computational cost,

max IE'[Rtask - /lccompute] . (14)
We organise control according to when the decision is made (Figure 9). Static control fixes the allocation before compu-
tation begins (§5.1), dynamic control revises it using the evolving computation (§5.2), and curriculum control changes

the available computation across training (§5.3).

5.1 Static Control Before Computation

The simplest allocation policy assigns the same preset computation budget to every input. The constant B(x) = By is
set by whoever trains the model, before any input is seen. Families differ in what the constant counts: delay tokens,
latent thoughts or prediction heads [57, 58, 60], loop iterations or forced trace length [10, 130], yet the decision rule
is identical. None of these methods claims its constant is right for a particular input. Fixed budgets therefore establish
the value of additional computation without solving the allocation problem itself.

A more selective strategy chooses the budget from properties of the input before reasoning begins. The budget
becomes a function of the input, B(x) = g(x) if hand-designed and B(x) = g4 (x) if fitted, giving easy and hard inputs
different amounts of computation. Recomputable rules are rare here: one reads difficulty from a running per-question
accuracy estimate [122]. Most instances of g are fitted, on query features [40] or on a choice between a short and a
long reasoning mode before decoding [27, 236]. Input difficulty is only a proxy for the computation an input will need,
and the budget is committed before any of it has been observed. This limitation motivates allocation rules that revise

the budget after observing the computation itself.
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5.2 Dynamic Control During Computation

Once computation has begun, intermediate states can provide direct evidence of whether another step is still changing
the model’s prediction. The rule is a convergence test on the model’s own outputs: halt when d(s;, s;—1) < €, concretely
Dx1(ptllpr—1) < € on the output distributions the states already emit [55, 117]. No separate allocator is trained: the
signal sits in states already computed, and the decision is reproducible. On the text axis the reproducible signal is
entropy over the emitted trace [106, 240], and one that looks reproducible instead scores the sufficiency of what has
been written [184]. Observable change is not task utility: a step can move the distribution without improving the
answer, and a settled state can still be wrong, so € and d remain hand-set.

Instead of relying on a hand-designed stopping rule, a learned controller can allocate computation from the evolving
internal state. Such controllers differ in the level at which they act, not in their architecture: a; ~ 74 (at | x,st) over
{continue, halt, skip, repeat} lets one policy spend more, less, or stop. Below the input-level routers chosen before
computation begins, the decision attaches to a single token [11, 150, 165, 245], to each layer inside one token’s pass [13,
93, 128], or to where an inserted delay belongs [51, 84], with one line separating where the budget goes from when it
stops [197]. Coarser still, a latent trace halts after a learned number of refinement steps [69, 131], and a cost-carrying
reward sets a reasoning trace’s length [2, 201, 214, 230]. A fitted mapping reads more of the state than a divergence or
entropy threshold admits. The price is supervision or reward for the allocator itself (§4.4), and a decision that survives
only in the weights, where no reader can reproduce it. In every case the action is an amount.

Adaptive allocation can control not only how much computation is performed, but also which computational mode
receives the next unit of budget. The action set widens to

a; € {loop, skip, latent, text, halt }, (15)
where each continuing action names a mechanism of §3 and halting ends the trajectory, so the decision is no longer a
scalar amount on one axis. Controllers switch between fast and slow reasoning modes [27, 236], and decide at each step
whether the next state is written or latent and when to leave that trace [109, 131]. Form is itself an action [104, 140].
One price Ceompute in Equation (13) covers both, counted in emitted tokens, depth, latency, or latent operations, so
how much and what kind are learned jointly. Allocation therefore becomes a sequential control problem over both the

quantity and the form of computation.

5.3 Curriculum Control Across Training

The computation budget itself can also vary over training, so the model meets progressively different depths, horizons,
or reasoning lengths. Training fixes a sequence By, ..., Bg or a function B, = f(e) of training progress, while a sta-
tionary distribution resampled every step [55] spans the same budgets without ordering them. The varying quantity
is the effective depth [125, 137], the prediction horizon [8], or the number of latent steps [60, 171]. Each is a compute
budget, not training-data difficulty, which separates these from task curricula [136]. What the schedule buys is easier
optimisation: the model learns a short computation before it is asked for a long one [17].

Most existing computation curricula schedule these changes by training step, not by whether the model is ready to
use a larger budget. A schedule B, = f(e) settles the trajectory when the run is configured [8, 125]. Training step is
only a proxy for readiness, and a rule B, = f(m,), with m, a maturity signal, could use convergence, representation
quality or reasoning success. Defining and measuring such a signal is the problem §6.4 takes up. Learning when a

model is ready for more computation remains open and reappears as a central question in §7.
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Fig. 10. Overview of empirical foundations and evidence.

Table 4. Open model families releasing intermediate checkpoints. Token interval sets the resolution for locating a change during
training; no column records the order of the training data.

Model Scale Training tokens Checkpoints Token interval
Pythia [16] 70M-12B 300B 154 2.1B
OLMo 2 [133] 1B-32B 4.1-6.3T 268-965 4.2-21B
Olmo 3 [132] 7B, 32B 6.1T 1,486 4.2B
SmolLM2 [5] 135M-1.7B 1T 41 270B
TinyLlama [233] 1.1B 3T 286 10.5B
Huginn [55] 3.5B 800B 8 of ~350 100B

Table 7 sets the three preceding chapters side by side, giving each family its representative methods and the value
the survey assigns it on every axis. The blanks are informative: control is stated for about half the families, and the

explicit-text carrier divides into three families that share a mechanism and differ only in the signal that trains it.

6 EMPIRICAL FOUNDATIONS AND EVIDENCE

Having organised reasoning enhancement by mechanism, learning, and control, we now ask what empirical resources
and evidence support claims about these designs (Figure 10). We first survey model trajectories (§6.1), training corpora,
supervision artefacts, and benchmarks (§6.2) that make longitudinal and controlled analysis possible. We then exam-
ine what current experiments establish (§6.3), separating benchmark gains from stronger evidence based on matched
resources, attribution to a single layer, newly reachable reasoning, and transferable capability. Finally, we ask when a
model state is ready for a design (§6.4), gathering the evidence on prerequisite competence, reachable headroom, and

compatibility.

6.1 Models and Training Trajectories
Locating when a reasoning mechanism emerges requires models that release training trajectories, not only final
weights. Table 4 lists six releases. Pythia [16] and the two OLMo generations [132, 133] also publish what each check-
point had already consumed, which makes them the ordinary language models best suited to training-dynamics anal-
ysis. TinyLlama [233] publishes no order, so a transition found in it can be placed in training time, not in the corpus.
SmolLM2 [5] publishes no order either, and keeps them in a repository its model card does not name. Huginn [55] is
the only one whose pretraining installs a recurrent processing mechanism, and publishes no order.

The limitation is therefore not model scale but the scarcity of dense trajectories for models that contain such a

pathway. Huginn’s eight points fix the resolution at which a change in its use can be seen. The mechanism is not
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Table 5. Corpora and reasoning supervision sets the surveyed methods train on. Counts are tokens for corpora, examples for trace
sets, step annotations where marked, and problems for problem sets.

Category Dataset

General training corpora  Pile [53] (300B), C4 [149] (156B), RedPajama-1T [194] (1.2T), SlimPajama [160] (627B), Dolma [163] (3T),
FineWeb [141] (15T) and FineWeb-Edu (1.3T), Nemotron-CC [167] (6.3T), DCLM-Baseline [100] (1.35T),
OpenWebMath [138] (14.7B), Proof-Pile-2 [9] (55B), MathPile [192] (9.5B)

Reasoning traces and OpenThoughts-114k (114k), Bespoke-Stratos-17k (17k), s1K [130] (1,000), LIMO [213] (817),
labels PRMB800K [107] (800k steps), Math-Shepherd [187] (400k steps)
Problem sets OpenR1-Math-220k (220k), NuminaMath-CoT (860k), OpenMathReasoning (306k),

DAPO-Math-17k [216] (17k), DeepScaleR-Preview (40k)

Table 6. Benchmarks the surveyed methods report on, grouped by subject area. The groups differ in what an answer can be checked
against: tests or a final answer in mathematics and code.

Category Dataset and benchmark

Mathematics GSMBK [29], MATH [67] and its MATH-500 subset [107], AIME 2024/2025, AMC23, OlympiadBench [63],
MinervaMath [99], SVAMP [139], ASDiv [127], TheoremQA [21]

Code MBPP [7], LiveCodeBench [73], SWE-bench [75] and its Verified subset, CodeContests

General MMLU [66], MMLU-Pro [190], GPQA and GPQA-Diamond [151], ARC-Challenge [28], HellaSwag [222],

knowledge CommonsenseQA [174], StrategyQA [56], DROP [41], HotpotQA [210], MuSR [166], HLE [143]

Logic and BBH [172], ProntoQA [153], ProsQA [60], LogiQA, ZebraLogic [108], Countdown [52], Game of 24 [212],

algorithmic Sudoku-Extreme and Maze-Hard [182], parity [85], Blocksworld [179]

Domain-specific MedQA [76], ScienceQA [119]

confined to research models, since DeepSeek-V3 [33] trains with a multi-token prediction objective, but no production

run of that kind releases a trajectory. The corpora behind these runs carry their own constraints.

6.2 Data and Evaluation Resources

General pretraining corpora. The corpora used by this literature are the ordinary ones, listed in Table 5. Mid-training
methods are trained almost entirely on them, since their stage definition requires a signal computable from ordinary
text. Two are no longer available as published: the Pile’s original host withdrew it, and the Books subset of RedPajama-
1T was disabled in 2024.

Reasoning supervision artefacts. Reasoning supervision comes in four kinds, also in Table 5: distilled trace sets, cu-
rated sets of roughly a thousand examples, step-level labels, and prompt sets with checkable answers. A path, a step

and an outcome are three different objects, so a set built for one cannot directly train a method fitted to another.

Evaluation benchmarks. Mathematics, code and general reasoning carry most of the reported numbers, and Table 6
compiles what the surveyed methods report on. More reasoning-dense benchmarks beyond these areas would widen

what this literature can measure.

6.3 What Current Evidence Establishes

A benchmark improvement establishes that a complete recipe beats its baseline, but it does not identify which part of
the extra-training-complexity design produced the gain. Dot-by-dot filler tokens carry no semantic content, yet they
let a model solve two algorithmic tasks it cannot solve without intermediate tokens [142]. A recurrent-depth model
improves on further passes while emitting no additional tokens [55]. Both hold the added content fixed, yet each sits
inside a recipe that moves mechanism, learning signal, and control as a set. Benchmark gain is therefore evidence that
a recipe works, and not yet evidence for the causal value of the design choice it contains.

A stronger claim requires controls that match the other resources an intervention changes, because an extra-training-
complexity design rarely moves one alone. Increasing recurrent depth also changes parameter sharing and state reuse,
inserted positions enlarge what later tokens attend over, an auxiliary objective changes supervision, and a latent carrier
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Table 7. Representative method families on the three coupled design layers. Chips abbreviate the categories of §§3-5, two in a cell
where both apply; a dash marks a value the survey does not state.

Method family Representative methods Mechanism Learning Control Main limitation

Recurrent processing: repeated transformations extend computation at existing positions

Shared recurrence Universal Transformer, Recurrent Text Dynamic useful iterations cannot always be increased
Recurrent Depth, indefinitely
Ouro [34, 54, 55, 175, 245]

Conditional recurrence ~ MoR, AdaPonderLM, Recurrent Feedback Dynamic the decision survives only in the weights,
DNA [11, 31, 95, 150, 165] where no reader can reproduce it
Retrofitted recurrence Recursive Transformer, Recurrent Text Static the conversion must keep what the
ETD [10, 69, 87, 135, 158] feed-forward stack already knows
Curriculum

Intermediate-state insertion: persistent positions make intermediate computation available to later steps

Content-free positions ~ Pause tokens, Catch Your Insertion Text Static almost nothing about the state computed
Breath [51, 58, 68] Feedback — there is recoverable

Ordinary text as a Quiet-STaR, Reinforcement Insertion Self - the model supplies both the candidate and the

scoring environment Pre-Training, criterion that accepts it

RLP [38, 61, 71, 102, 176, 220]  Obijective

Continuous latent Coconut, R-Capsule [25, 60, 88, Insertion Trace Curriculum the intermediate state resists inspection
carriers 89, 156, 170, 171, 183, 224] without a decoder or probe
Solver-supplied and Searchformer, Stream of Search, Insertion Trace Static one trajectory must be selected to imitate
curated traces s1 [52, 94, 98, 101, 130, 204, 213] where reasoning admits many

Self-taught explicit STaR, ReST-EM, Insertion Trace - an answer-level filter admits right answers
traces rStar-Math [59, 162, 221, 228] reached by a wrong route

Hybrid latent and textual Dualformer, Token Insertion Trace - the boundary between carriers is learned

Assorted [115, 168, 169, 219, 232]

carriers indirectly, from reward or a preset action set

Traces trained by DeepSeek-R1, Kimi Insertion Feedback - a correct answer identifies a successful
outcome feedback k1.5 [32, 70, 157, 177, 216, 226] trajectory, not the steps that earned it

Objective reshaping: training changes what existing representations must predict or encode

Broadened predictive Multi-token prediction, MTP Objective Text Static corpus targets specify what should be

horizon Curriculum [8, 57] . predicted, not how it should be computed
Curriculum

Structured auxiliary Future Summary Prediction, Objective Text - the objective fixes what a state must serve,

targets SONAR-LLM (39, 124, 173] not the computation realising it

Internalisation of an Implicit-CoT distillation, Objective Trace - the deployed model no longer performs the

explicit trace Stepwise reasoning it was trained from

internalisation [22, 24, 36, 37]

changes representational bandwidth (§§3.1-3.3), alongside the extra computation. Multi-token prediction [57] runs the
other way, improving code generation and small algorithmic tasks without increasing deployed computation, because
the change is in the training objective alone. Probing a recursive model under matched computation locates the bottle-
neck in its fixed-width state [215]. A looped model measured against iso-FLOP and parameter-matched baselines still
needs a memory bank [48]. A matched-resource gain therefore shows that the design contributes beyond the extra
resources it changes, and it still does not isolate which design decision is responsible.

Resource matching still evaluates a design as a package, and stronger evidence attributes the gain to the mechanism,
the learning signal, the control decision, or their interaction. Filler tokens pay off only under specific and dense super-
vision [142], and pause tokens yield gains only when the delay is present in both pretraining and finetuning [58]. An
available mechanism is not a learned mechanism. A looped model still needs a memory bank for tasks that looping
alone does not carry [48], so the gain cannot be assigned to recurrence alone. Current studies usually demonstrate
that a complete design works, and fewer isolate what each layer contributes or how they interact. Design-attributed
gain thus identifies why a recipe works within the three layers, and still does not show the model gained reasoning
previously out of reach.
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A still stronger claim is that an extra-training-complexity design makes reasoning strategies reachable that the
base model could not reliably access, and not merely more probable among behaviours already present. Improvements
in pass@1 leave the two readings indistinguishable. Large-k sampling against the base model offers one way to tell
them apart in reinforcement-learning settings. A trained model leads at small k while the base model catches up or
overtakes at large k [218]. Token-level entropy can rise while sampled paths converge onto fewer distinct answers [199],
so apparent exploration need not mean an enlarged strategy set. Prolonged training supports the opposite reading,
reaching solutions that extensive base-model sampling does not recover, with the gain correlated with the base model’s
competence on the task [113]. The two readings need not conflict, since they may describe different model states, tasks
or training regimes. Current evidence therefore suggests that extra training complexity can sometimes enlarge the
reachable reasoning set, and the claim depends strongly on the model state and the regime being studied. The strongest
claim is that the reasoning capability transfers beyond the task, the distribution, or the training configuration in which
the design was learned. Changing the prompt on the same benchmark does not count. The five claims form a ladder
of increasing strength,

benchmark gain < matched-resource gain < design-attributed gain

(16)

< newly reachable reasoning < transferable reasoning capability,
where each rung requires ruling out a stronger alternative explanation than the rung below it. Benchmark and matched-
resource evidence are common, design attribution is rarer, evidence for newly reachable reasoning is mixed, and evi-
dence for transferable reasoning capability is weakest. Whether any of these claims holds is not a fixed property of a
design, and depends on the model state the design is applied to (§6.4). The strength of evidence therefore depends not
only on experimental controls, but also on whether the model state is one in which the design can use the structure,

supervision or control it introduces.

6.4 Design Readiness and Model State

The effectiveness of an extra-training-complexity design depends on the state of the model to which it is applied, and
not on training stage, parameter scale, or design choice alone. A stage label classifies a recipe by the supervision it
requires and says nothing about how mature the model is, parameter scale bounds capacity without showing that a
design can use it, and training step counts optimisation, not what the model has become. Strong evidence for a design
in one setting does not carry to another model state (§6.3). For a mechanism with an explicit budget, readiness takes

a local form, the marginal return to computation at a given model state,

oe(B) = R(Qt,B+AlZ)C— R(6r, B) )

with 0; a checkpoint, B the budget it is given, AB the increment, R the task performance that results and AC the cost

of that increment. A positive p; is local readiness at that mechanism and that budget, and not a universal maturity.
Objective reshaping and learning-signal changes need not be describable as extra deployed computation, so p; does not
cover every design. Readiness in general is the capacity of a model state to use a particular extra-training-complexity
design, and three conditions on that capacity recur across the evidence.

The first condition is that the model has acquired the prerequisites on which the proposed design must operate. A
prerequisite can be representational, procedural, acquired by earlier exposure, or plain competence at the task. The
delay positions of §3.2 buy nothing when inserted at finetuning alone. They pay only when pretraining contained
them as well [58], so their use must be learned during pretraining. Scale sets a further prerequisite. A multi-token
objective becomes useful only once the model is large enough [57], so one modification acts differently at different
model states. Earlier competence also governs how far later training gets. A study following one model from pretraining
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through post-training predicts its post-reinforcement performance at fixed reinforcement compute from the preceding
pretraining loss [159]. Design availability is not design usability.

Prerequisites are not sufficient, since useful reasoning behaviours must also be reachable from the current model
while enough headroom remains for the design to improve them. When successful trajectories are nearly unreachable,
supervision, reinforcement learning and search collect little, leaving the design little to act on. When the model already
solves the task reliably, headroom is small and the design can only sharpen behaviour already present. The productive
middle keeps useful behaviour reachable but not yet reliable, giving the design something to amplify or reshape. A
controlled staged-training study reports capability gains only where pretraining leaves headroom and the reinforce-
ment data target the model’s edge of competence [227]. Within one run, reinforcement learning amplifies moves an
imitation policy prefers on easy problems and surfaces near-absent moves on hard ones [159]. One regime looks like
reweighting and another produces newly reachable reasoning, so the opposed large-k readings of §6.3 can both stand
at different starting model states. Training for longer does not monotonically improve readiness. Reinforcement learn-
ing already helps intermediate pretraining checkpoints, and supervised and mid-training data shift which trajectories
feedback reaches [4, 15, 193].

Even with prerequisites and remaining headroom, improvement depends on whether the chosen mechanism, learn-
ing signal, and control strategy are compatible with the current model state. A compatible mechanism still produces
task-relevant change. Recurrence can destabilise, a loop can reach a fixed point, and added positions can stop chang-
ing useful state [117, 184, 208]. Supervision has to teach or refine that mechanism. Filler tokens pay only under dense
supervision, and pause positions only when pretraining and finetuning both carry the delay [58, 142], so a mechanism
can exist and stay unused. Control has to invoke the computation, state or intervention at the right place, time or
difficulty. A fixed allocation wastes a useful mechanism. Readiness is a property of the model and the design together,
not of the model or the mechanism alone. The evidence decomposes readiness into

rere h design
(g, myeach, my 8, (18)

my =
the prerequisite competence acquired, the trajectories reachable with headroom left, and the compatibility of that state
with the coupled design. This decomposition is a synthesis of the current evidence and not an established metric, and

no single signal yet predicts across tasks and designs when extra training complexity will become effective.

7 VISION

Mechanism, learning, and control organise extra training complexity into three coupled layers, and §§3-5 built that
organisation from methods proposed one at a time. §6 then asked what the evidence establishes, and when a model
state is ready for a given design. Attribution varies the layers one at a time and design chooses them together, so the two
are separate activities. This chapter takes up the second. Four directions carry it: coordinating learning signals across
training stages (§7.1), adapting control across reasoning mechanisms (§7.2), placing the latent-explicit interface (§7.3),
and co-designing capability (§7.4). Progress on reasoning capability will require designing the three layers jointly, and

evidence that the joint design is what produced the gain.

7.1 Coordinating Learning Across Training Stages

Different training stages expose the model to different supervision (§4), suggesting complementary roles in learning to
reason, not interchangeable occasions to train the same mechanism. Capabilities learned at one stage condition what
later stages can teach, so the decision is how to coordinate signals across stages as the model state evolves, not which

stage is best.
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These stages are path-dependent, because the effect of a later signal depends on the model state produced by earlier
training. Prior exposure changes whether later reinforcement learning can compose or discover useful behaviour [227];
the mid-training mixture alters the return to that reinforcement even when the optimisation procedure is unchanged [4,
193]. The sharpening reported for reinforcement learning appears where it follows supervised fine-tuning, not where
it acts on a base checkpoint [15]. This path dependence suggests that training stages need not be commutative. The
design object is therefore the trajectory of capabilities and signals, not one stage.

The training lifecycle then works as an adaptive policy for coordinating the acquisition and refinement of reasoning
mechanisms across stages. One plausible trajectory has pretraining install a computational substrate, mid-training
shape candidate internal computations, and post-training assign task-level utility to them. The current evidence permits
that trajectory and does not establish it. Such a policy changes the trigger. The transition from one signal to the next
would follow what the model has already learned, not only a predetermined schedule, which is the readiness question
of §6.4. The broader challenge is to coordinate learning signals across the training trajectory, letting readiness, and not
a lifecycle label, decide when the signal should change. A model that has learned a useful reasoning mechanism still

has to decide when running it is worth its cost.

7.2 Adaptive Control Across Reasoning Mechanisms

Current allocation methods expose a tension between interpretability and adaptivity. Fixed budgets and state-derived
thresholds publish their decision rule and are easy to reproduce. §5 finds that their signals report only that a state has
changed or stabilised, never that another step will help. Learned routers condition on richer internal state, and their
allocation criterion is buried in the controller weights, hard to inspect or reproduce. Existing methods therefore supply
an observable proxy for computational need or an adaptive but opaque policy, seldom both. The open question is how
control adapts to model state, task state, and the mechanisms available.

A useful abstraction is to treat allocation as estimating the marginal utility of the next computational operation
relative to halting,

AU(ay | st) = E[R| st ar] — E[R ]| sg, halt] — AC(ay), (19)
with s; the state, a; a candidate operation and C its cost. The formulation accommodates results in which further
computation becomes redundant or harmful once the state already suffices [184]. It also drops the assumption that
allocation is one-dimensional, since a; ranges over another loop, a latent step, an explicit token, an externalised check-
point and termination. The typed controllers of §5 already choose among modes and not only among lengths [109, 131].
Allocation is therefore better viewed as sequential control over heterogeneous computational operations.

The unresolved challenge is to make this marginal-value estimate learnable and observable across reasoning mech-
anisms, and not over budget alone. Two properties matter. An allocator should be accountable, so that its decision to
continue corresponds to a measurable expected improvement relative to cost and can be told apart from proxies such
as uncertainty, entropy or mere state movement. It should also price heterogeneous mechanisms, since a loop, a latent
step and an emitted token differ in latency, memory and representational bandwidth, and a count of tokens or layers
values none of them correctly. Both must hold across difficulty and model maturity. Once the next operation can be

chosen, its representation becomes part of that decision.

7.3 The Latent-Explicit Interface
The latent-explicit trade-off depends jointly on the architecture that propagates the state and on the supervision that

shapes it, and it is not a property of the carrier alone. A looped model supervised with a gold reasoning step at every
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latent position closes the gap to explicit chains at three billion parameters, and projecting its post-loop latents through
the language head recovers those steps [44]. Recurrence without that supervision reads the other way. Logit-lens and
coda-lens probes of a depth-recurrent model find limited evidence of an interpretable latent chain, and its gains fall
short of externalising the steps [120]. Capacity, legibility and usefulness are therefore set jointly by carrier, architecture
and supervision, so the carrier is one part of a coupled design.

Moving reasoning into a continuous space removes the vocabulary bottleneck, and it also removes the supervision
and control interface that language provides. A written step has a direct training target or can be compared against a
teacher trace, and it can be verified, edited or corrected externally. A latent state needs an alignment, reconstruction
or outcome signal instead (§4.3), and outcome feedback is harder to assign to it because the observed answer mixes
that state’s quality with later sampling noise [239]. Exploration is harder as well, since a deterministic continuous
trajectory gives a group-relative update nothing to compare, the difficulty the repairs of §4.4 answer. Explicit language
carries three roles at once. It is a representation at the mechanism layer, a supervision interface at the learning layer,
and a control interface for correction. The linguistic bottleneck therefore constrains all three layers, not representation
alone.

These trade-offs make a single carrier unlikely to be optimal across a reasoning trajectory. High-bandwidth latent
states may serve local refinement and exploration, while selected states may be worth discretising or verbalising for
verification, correction, communication or persistent memory, so that a trajectory alternates between private compu-
tation and explicit checkpoints. The hybrid methods of §3.2 already make the carrier a local decision, learning that
boundary indirectly from task reward or a predefined action set. A more general system would condition externalisa-
tion on the role the explicit state is to play, and treat the carrier as a model decision, not a fixed architectural choice.
The open problem is to learn the boundary between private computation and explicit interface, and not to choose latent

or explicit globally. A more flexible representation still leaves open whether what flows through it is better reasoning.

7.4 Co-Designing Reasoning Capability

Reasoning methods now decompose cleanly into mechanism, learning, and control. Most work still settles the layers
one after another. The usual sequence invents a mechanism, attaches supervision, adds a controller, then reports the
assembled recipe as a single result. That sequence is a remnant of ad hoc design, each layer introduced to repair a
limitation the previous one left open.

The three layers are strongly coupled. A mechanism is worth something only when training can teach the model
to use it. A learning signal is effective only when the mechanism exposes states and actions it can act on. A controller
is meaningful only when it can observe what the model has computed and invoke an operation that changes it. These
three layers are not a sequential assembly running from mechanism to learning to control. Each constrains what the
others can achieve, so they have to be designed together.

Readiness constrains the design further, since the same coupled design pays at one model state and not at an-
other (§6.4). The useful question is therefore no longer which method is universally best. It is which mechanism, which
learning signal and which control policy suit this model state and this task. Readiness also moves as training proceeds,
so the design that pays at one checkpoint need not pay at the next. Design should adapt to readiness, and the three
layers should be chosen for the model and the problem in front of them.

Extra training complexity is a design paradigm, and not the goal. Reasoning capability is the goal: capability that
is useful, controllable, generalisable, transferable, and empirically attributable, with the evidence ladder of §6.3 fixing

what such a claim must survive. Training complexity and deployed computation are costs paid towards that capability.
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A design that raises either without moving capability has bought nothing. The goal is therefore not to maximise training
complexity or deployed computation, but to co-design mechanisms, learning signals, and control policies that turn that

complexity into demonstrable reasoning capability.

8 CONCLUSION

This survey brought together methods that add extra training complexity to improve reasoning, despite their devel-
opment across largely separate literatures. We organised them by mechanism, learning, and control: what creates
computational capacity, what shapes its use, and what decides when to invoke it. Viewed jointly, these layers reveal
that similar mechanisms can be trained under very different supervision and that similar signals can support differ-
ent mechanisms. Current evidence reaches benchmark and matched-resource gains routinely, attributes them to a
single design layer far less often, and is weakest on newly reachable reasoning and transferable reasoning capability.
Whether a design pays depends on the competence the model already has, on the headroom that remains reachable, and
on whether the design suits that state. The central challenge is therefore to design mechanism, learning, and control

together, and to show which part of that design expanded what a model can reason through.
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